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Abstract
The topological color code and the toric code are two leading candidates for realizing fault-tolerant
quantum computation.Here we show that the color code on a d-dimensional closedmanifold is
equivalent tomultiple decoupled copies of the d-dimensional toric code up to local unitary
transformations and adding or removing ancilla qubits. Our result not only generalizes the proven
equivalence for d=2, but also provides an explicit recipe of how to decouple independent components
of the color code, highlighting the importance of colorability in the construction of the code.
Moreover, for the d-dimensional color codewith d 1+ boundaries of d 1+ distinct colors, weﬁnd
that the code is equivalent tomultiple copies of the d-dimensional toric codewhich are attached along
a d( 1)− -dimensional boundary. In particular, for d=2, we show that the (triangular) color code
with boundaries is equivalent to the (folded) toric codewith boundaries.We alsoﬁnd that the
d-dimensional toric code admits logical non-Pauli gates from the dth level of the Clifford hierarchy,
and thus saturates the bound by Bravyi andKönig. In particular, we show that the logical d-qubit
control-Z gate can be fault-tolerantly implemented on the stack of d copies of the toric code by a local
unitary transformation.
1. Introduction
Quantumerror-correcting codes [1, 2] are vital for fault-tolerant realization of quantum information
processing tasks. Of particular importance are topological quantum codes [3, 4] where quantum information is
stored in non-local degrees of freedomwhile the codes are characterized by geometrically local generators. An
essential feature of such codes is to admit a fault-tolerant implementation of a universal gate set as this would
guarantee that the physical errors propagate in a benign and controlledmanner. Thus, the search for novel
quantum error-correcting codes and the classiﬁcation of fault-tolerantly implementable logical gates in these
codes have been central problems in quantum information science [5–10].
The quest of analyzing topological quantum codes is also closely related to the central problem in quantum
many-body physics, namely the classiﬁcation of quantumphases [11, 12]. A fruitful approach is to view
topological quantum codes as exactly solvable toymodels which correspond to representatives of gapped
quantumphases. This approach has led to a complete classiﬁcation of translation symmetric two-dimensional
stabilizerHamiltonians [13, 14], as well as to the discovery of novel three-dimensional topological phaseswhich
do notﬁt into previously known theoretical framework [15, 16].
Topological color codes [17] are important examples of topological stabilizer codes that admit transversal
implementation of a variety of logical gates, whichmay not be fault-tolerantly implementable in other
topological stabilizer codes. In two spatial dimensions, the color code admits transversal implementation of all
logical Clifford gates. In three and higher dimensions, the color code admits transversal implementation of
logical non-Clifford gates [18]. A naturally arising question is to identify the physical properties allowing to
extend the set of transversally implementable logical gates with respect to other topological codes.
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Given two codeswith different sets of fault-tolerantly implementable logical gates, onemay naturally expect
that they correspond to different topological phases ofmatter. However, physical properties of color codes and
toric codes are known to be very similar. For instance, both of the codes have logical Pauli operators with similar
geometric shapes, which leads to essentially identical braiding properties of anyonic excitations from the
viewpoint of long-range physics. Furthermore, it has been proven that translation symmetric stabilizer codes,
supported on a two-dimensional torus, are equivalent tomultiple decoupled copies of the two-dimensional
toric code up to local unitary transformations and adding or removing ancilla qubits [13]. This result implies
that the two-dimensional color code supported on a torus is equivalent to two decoupled copies of the toric
code, and thus they belong to the same quantumphase [19].
However, the aforementioned results do not consider the effect of boundaries on the classiﬁcation of
quantumphases [20–22]. In fact, the color code admits transversal implementation of computationally useful
logical gates only if it is supported on a systemwith appropriately designed boundaries. Perhaps, the presence of
boundariesmay render additional computational power to topological quantum codes andmay result in richer
structure of topological phases ofmatter. Complete understanding of the relation between the color code and
the toric codewill be the necessaryﬁrst step to clarify the connection between boundaries and achievable fault-
tolerant logical gates, and its implications to the classiﬁcation of quantumphases.
1.1. Summary ofmain results
In this paper, we establish a connection between the color code and the toric code in the presence or absence of
boundaries, and study fault-tolerantly implementable logical gates in these two codes. Our ﬁrst result, presented
in section 2, focuses on the equivalence between the color code and the toric code on d-dimensional lattices
without boundaries, d 2⩾ .
Result 1 (Closedmanifold). The topological color code on a d-dimensional closedmanifold (without
boundaries) is equivalent tomultiple decoupled copies of the d-dimensional toric code up to local unitary
transformations and adding or removing ancilla qubits.
This extends the known results from [13, 14, 19] to the family of color codes in arbitrary dimensions.While
previous results are limited to either translation symmetric systems or do not provide an explicitmethod of
transformations, we provide a speciﬁc construction of how tomap the color code intomultiple decoupled toric
code components. The recipe emphasizes the importance of colorability in the construction of the color code.
Our result implies that the topological color code belongs to the same quantumphase as two copies of the toric
code, according to the deﬁnitionwidely accepted in condensedmatter physics community [12].
In section 3, we analyze the case of topological codes with boundaries and present the following result.
Result 2 (Boundaries). The d-dimensional topological color codewith boundaries is equivalent to d copies of the
d-dimensional toric codewhich are attached along a d( 1)− -dimensional boundary.
In two-dimensions, weﬁnd that the (triangular) color codewith three boundaries is equivalent to the toric
codewith boundaries (i.e. the surface code) which is folded (see ﬁgure 1).We ﬁnd that the d 2> version of the
color codewith point-like excitations and d 1+ distinctly colored boundaries is equivalent to d copies of the
toric codewhich are attached along a d( 1)− -dimensional boundary. On this d( 1)− -dimensional boundary, a
composite point-like electric charge composed of all d electric charges from the different copies of the toric code
Figure 1.The topological color code (a) with three boundaries A∂ , B∂ and C∂ viewed as the folded toric code (b)with two
smooth and two rough boundaries. The boundary A∂ of colorA is equivalent to a pair of boundaries—smooth in the front and
rough in the rear layer; similarly B∂ . The boundary C∂ is the fold.
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may condense. Other boundaries are decoupled and allow condensation of a single electric charge associated
with a speciﬁc copy.
In section 4, we study logical non-Clifford gates fault-tolerantly implementable in the d-dimensional toric
code. Our third result concerns the implementability of the d-qubit control-Z gate, i.e. a gate which applies−1
phase only if all d qubits are in 1∣ 〉 state.
Result 3 (Logical gate). A stack of d copies of the d-dimensional toric codewith point-like excitations admits
fault-tolerant implementation of the logical d-qubit control-Z gate by local unitary transformations.
In particular, weﬁnd that transversal application of physical R diag(1, e )d 2 i 2
d= π phase gates in the d-
dimensional topological color code is equivalent to the logical d-qubit control-Z gate acting on d copies of the
toric code. Note that the d-qubit control-Z gate belongs to the dth level of the Clifford hierarchy, but is outside of
the d( 1)− th level. Thus, a stack of d copies of the d-dimensional toric code saturates the bound by Bravyi and
König on fault-tolerant logical gates which are implementable by local unitary transformations [23]. For a
deﬁnition of theClifford hierarchy, see [8, 23, 24] and subsection 4.2.
We believe that ourﬁndings will shed light on the techniques of code deformation [18] and lattice surgery
[25, 26], allowing for computationwith less physical qubits, higher fault-tolerant error suppression and shorter
time. The ability to transform and relate different codesmay turn out to be crucial in analyzing the available
methods of computationwith topological codes. In particular, wemight be able to improve the decoding
scheme for the color code proposed in [27], and generalize it to any dimensions. Also, ourﬁndingsmay lead to a
systematicmethod of composing knownquantum codes to construct new codeswith larger set of fault-tolerant
logical gates. Finally, an interesting future problem is to apply the disentangling unitary to the gauge color
codes [28, 29].
While the paper is written in a relatively self-containedmanner, we assume some prior exposure to the
construction of the topological color code. A pedagogical description of the color code has been given by one of
the authors in [29].Our discussionmostly concerns the d-dimensional topological color code and the toric code
with point-like excitations as it is themost interesting case from the viewpoint of transversal non-Clifford gates.
For the sake of simplicity, we present proof sketches relying onmany ﬁgures. Rigorous proofs require the
language of algebraic topology [30, 31], whichmight be technically challenging and could obscure themain
ideas presented in the paper. Thus, we defer themuntil the appendix.
2. Topological color codewithout boundaries
In this section, we show that the d-dimensional topological color code supported on a closedmanifold is
equivalent tomultiple decoupled copies of the toric code.
2.1. Brief introduction to the color code and the toric code
Webegin by brieﬂy reviewing the construction of the topological color code and the toric code. The starting
point to deﬁne either the toric code or the color code is a two-dimensional lattice .We can think of  as a
homogeneous cell 2-complex, i.e. a collection of verticesV, edges E and faces F, glued together in a certainway.
In general,  can be deﬁned on amanifoldwith boundaries, but in this sectionwe restrict our attention to closed
manifolds.
The toric code in two dimensions is deﬁned on a lattice  by placing one qubit on every edge, and associating
X- andZ-type stabilizer generators with vertices and faces of , namely
v V X v X e f F Z f Z e: ( ) ( ), : ( ) ( ). (1)
e v e f
∀ ∈ = ⊗ ∀ ∈ = ⊗
⊃ ⊂
Here,X(e) andZ(e) denote PauliX andZ operators on the qubit placed on the edge e E∈ ; see ﬁgure 2(a) for an
example.We denote such a code, as well as its stabilizer group byTC ( ) . One can verify thatX- andZ-type
stabilizer generators commute.
The color code is deﬁned on a lattice , which satisﬁes two additional conditions:
• valence—each vertex belongs to exactly three edges,
• colorability—there is a coloring1 of faces of with three colors,A,B andC, such that any two adjacent faces
have different colors. For instance, the honeycomb lattice satisﬁes the valence and colorability conditions;
1
Note that due to the valence condition, this coloring is unique up to permutation of colors for any connected component of the lattice .
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also seeﬁgure 2(b). In the case of the color code, we place one qubit at every vertex, and associateX- andZ-
type stabilizer generators with every face of , namely
f F X f X v f F Z f Z v: ( ) ( ), : ( ) ( ). (2)
v f v f
∀ ∈ = ⊗ ∀ ∈ = ⊗
⊂ ⊂
To verify thatX- andZ-type stabilizers commute, one uses the valence and colorability conditions.We denote
such a code, as well as its stabilizer group by CC ( ) .
We can generalize the deﬁnition of the toric code and the color code to d dimensions by considering a d-
dimensional lattice (i.e. a homogeneous cell d-complex) . There are d 1− different ways of deﬁning the toric
code on —place qubits onm-cells,m d1, 2, , 1= … − , and associateX- andZ-type stabilizer generators
with m( 1)− - and m( 1)+ -cells, respectively. In the case of the color code, the additional conditions are that 
is d( 1)+ -valent and its d-cells are d( 1)+ -colorable. There are d 1− ways of deﬁning the color code on —
place qubits on vertices, and associateX- andZ-type stabilizer generators withm- and d m( 2 )+ − -cells, where
m d2, 3, ,= … . For a rigorous deﬁnition of the toric code and the color code in d dimensions see appendix.
In themain body of the paper, we restrict our attention to the color code and the toric codewith point-like
excitations, which signiﬁcantly simpliﬁes the discussion. In particular, the color code hasX- andZ-type
stabilizers associatedwith d-cells and two-cells (faces), whereas the toric code has qubits placed on edges.We
defer the discussion of the general case until the appendix.
2.2. Equivalence in two-dimensions
In this subsection, we prove that the two-dimensional color code supported on a closedmanifold (without
boundaries) is equivalent to two copies of the toric code.
Theorem1. Let CC ( ) be the two-dimensional topological color code deﬁned on a lattice without boundaries,
colored in A, B andC. There exists a local Clifford unitaryU, and two lattices A and B obtained from  by
shrinking faces of color A and B, respectively, such that
( ) ( )U CC U TC TC[ ( )] . (3)A B†  = ⊗
Moreover, one can chooseU to be
U U , (4)
f
f
= ⊗
∈
where  represents the set of all faces in  coloredwith C, andUf is a Clifford unitary acting only on qubits of the
face f.
Here, the tensor productTC TC( ) ( )A B ⊗ indicates that the stabilizer group can be factored into two
independent stabilizer groups associatedwith two decoupled copies of the toric code on the lattices A and B .
We shall refer to A and B supporting two decoupled copies of the toric code as shrunk lattices (see [32, 33]).
As described in the theorem, the disentangling unitary transformationU has a tensor product structure,
U Uf f= ⊗ ∈ . Thus,U is a local unitary transformation, and two systems belong to the same quantumphase.
The proof of the theorem 1 consists of three steps:
(1)performing certain local unitaryUf at each and every face f of colorC in ,
Figure 2.The toric code and the color code in two dimensions. (a) The toric code has qubits (red dots) placed on edges, andX-vertex
(green) andZ-face (blue) stabilizer generators. (b) The color code has qubits placed on vertices, andX-face andZ-face stabilizer
generators. Note that the color code can only be deﬁned on a three-valent and three-colorable lattice.
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(2)checking that the stabilizer generators CC ( ) are mapped by U Uf f= ⊗ ∈ into two sets of generators
TC ( )A andTC ( )B supported on disjoint sets of qubits,
(3)visualizing two codes TC ( )A and TC ( )B as codes deﬁned on lattices A and B obtained from  by local
deformations.
Step 1: let us pick a face f of  colored inC. Since  is three-colorable and three-valent, the face f has even
number of vertices, n2 .Moreover, we can color every edge in two distinct colors of faces it separates. Let us
enumerate vertices of f in counter-clockwise order in such away that the edge (1, 2) between vertices 1 and 2 has
colorAC.Wewould like toﬁnd a unitary transformationUf of theHilbert space V of (color code) qubits
placed on vertices into theHilbert space E of (toric code) qubits placed on edges2 such that some operators on
V aremapped into certain operators on E . In particular, wewould require the followingmappings to hold
Z Z Z j n( 1, , 2 1), (5)j j j j1 ( , 1)→ = … −+ +
X Z Z Z· , (6)
j
n
j n n
1
2
2 1 (2 ,1)
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟⨂ →
=
X X X X j n( 1, , 2 2), (7)j j j j j j1 ( 1, ) ( 1, 2)→ = … −+ − + +
X X X X X j n n· ( 2 1, 2 ), (8)
j
n
j j j j j j j
1
2
1 ( 1, ) ( 1, 2)
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟⨂ → = −
=
+ − + +
whereXj represents PauliX operator on a qubit on the vertex j, while X j j( , 1)+ represents PauliX operator on a
qubit on the edge j j( , 1)+ and n2 1 1+ ≡ ; similarly forZj and Z j j( , 1)+ . The conditions imposed onUf by
equations (5)–(8) for the face fwith six vertices are illustrated inﬁgure 3.
We claim that there exists a Clifford unitaryUfwhich satisﬁes equations (5)–(8). The proof of existence of
such a unitary transformation is presented later. Note that under the unitaryUf the operators on the qubits on
vertices of f (up to the stabilizer Xj
n
j1
2⨂ = ) transform into the operators on the qubits placed on edges of f in the
followingway
ð9Þ
where parenthesis indicate that operatorsmight bemultiplied by the stabilizer Xj
n
j1
2⨂ = .
Figure 3.Transformation of the operators of the color code CC ( ) supported on qubits of the face f colored inC under the
disentangling unitary transformationUf.
2
Note that since the number of vertices of f is equal to the number of edges of f, then ( )V E n2 2 ≃ ≃ ⊗ .Moreover, to perform such a
transformation, one does not need any ancilla qubits.
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Step 2: let us analyze what happens to the stabilizer generators of the color code CC ( ) after performing
Step 1 for each and every face of colorC, i.e. after action ofU Uf f= ⊗ ∈ by conjugation.Note that the stabilizer
group CC ( ) does not have a unique representation in terms of its generators—for instance, CC ( ) can be
generated byY- andZ-type stabilizers associatedwith every face of .
For a face f colored inC, the unitaryU transforms theZ-face stabilizer on qubits on vertices into the
Z-type operator on qubits on edges colored inAC. Similarly, theY-face stabilizer on vertices is transformed
into theZ-type operator on qubits on edges of f colored inBC. For a face f′ colored inA (respectivelyB),
the unitaryU transforms theZ-face stabilizer on vertices (up tomultiplication byX-face stabilizers on
faces of colorCneighboring f′—this depends on the choice ofU in Step 1) into theZ-type operator on
qubits on edges of f′ colored inAC (respectivelyBC). On the other hand, theX-face stabilizer is
transformed into theX-type operator on qubits on edges radiating out of f′, which are colored inBC
(respectivelyAC).
Figure 4 summarizes how the stabilizers of the color code transformunderU described inﬁgure 3. The
parenthesis to the left indicate that the stabilizer of the color codemight bemultiplied by theX-face stabilizers on
certain neighboring faces of colorC, depending on the disentangling procedure, i.e. the choice ofU.
One can observe that after performingU Uf f= ⊗ ∈ , theZ-type stabilizers on faces of colorA andC, as well
as theX-type stabilizers on faces of colorB transform intoZ- andX-type stabilizers, respectively, on qubits on
AC edges. Similarly, theY-type stabilizers on faces of colorC, theZ-type stabilizers on faces of colorB, and the
X-type stabilizers on faces of colorA transform into stabilizers on qubits onBC edges.
We conclude that after performingU, the stabilizer generators CC ( ) transform into two sets of stabilizer
generatorsTC ( )A andTC ( )B supported on two disjoint sets of qubits, either placed onBC orAC edges.
Step 3:wewould like to show that the stabilizer generatorsTC ( )A andTC ( )B deﬁne the toric code
on two lattices, A and B , obtained from  by local deformations. A recipe for the shrunk lattice A is as
follows:
• vertices of A are centers ofA faces in ,
• edges of A areBC edges in ,
• faces of A areB andC faces in .
In short, one obtains A by shrinkingA faces to points while expandingB andC faces [32, 33]. Similarly, B
is obtained by shrinkingB faces. Examples of shrunk lattices are depicted inﬁgure 5 for the case of the hexagonal
lattice . In this case, one obtains two copies of the toric code supported on triangular lattices.
The stabilizer generatorsTC ( )A andTC ( )B are respectively supported on A and B lattices. In
particular
Figure 4.The effect of applying the disentangling unitary transformationU to the stabilizer group of the color code CC ( ) . The
parenthesis indicate that the stabilizer of the color codemight bemultiplied by theX-face stabilizers on certain neighboring faces of
colorC, depending on the disentangling procedure, i.e. Step 1.
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• theX-vertex stabilizers inTC ( )A (respectively TC ( )B ) are obtained fromX-face stabilizers3 of CC ( ) on
A (respectivelyB) faces,
• theZ-face stabilizers inTC ( )A (respectively TC ( )B ) are obtained fromZ-face stabilizers(see footnote 3)
onB faces (respectivelyA) andY-face (respectivelyZ-face) stabilizers onC faces.
To summarize, the unitaryU Uf f= ⊗ ∈ transforms the generators of the stabilizer group CC ( ) of the
color code into generator sets for two stabilizer groupsTC ( )A andTC ( )B , which deﬁne the toric code on two
disjoint lattices A and B obtained from  by shrinking eitherA orB faces. This concludes the proof of the
equivalence in two-dimensions.
Note that the equivalence between the two-dimensional color code and copies of the toric code has been
proven for systemswith translation symmetries [13, 19]. Ourwork not only generalizes the previous results to
the color code on an arbitrary lattice  on a closedmanifold, but also presents an explicit construction of the
local unitary and shrunk lattices. This leads to newobservations for topological color codes with boundaries,
which are presented in section 3.
2.3. IsomorphismbetweenPauli subgroups
In this subsection, we prove the existence of the disentangling unitary transformationU Uf f= ⊗ ∈ .We begin
by developing some useful technical tool concerning subgroups of the Pauli operator group. Consider a system
of n qubits and two subgroups of Pauli operators n, Pauli( )1 2  ⊆ , where nPauli( ) is the Pauli operator group
on n qubits.We shall neglect complex phases in ,1 2  .We say that 1 and 2 are isomorphic to each other iff
there exists a Clifford unitary transformationU such that
U U . (10)1 † 2 =
Let Z ( )1 and Z ( )2 be centers of 1 and 2 , respectively. Then, the following lemmaholds [34]:
Lemma1 (Isomorphic groups). Two subgroups of Pauli operators Pauli n, ( )1 2  ⊂ are isomorphic iff
( ) ( )( ) ( ) ( ) ( )G G G Z G Z, , (11)1 2 1 2   = =
whereG ( ) represents the number of independent generators of Pauli n( ) ⊂ .
Let g{ }j and h{ }j be two sets of independent generators for two isomorphic groups 1 and 2 .We say that
g{ }j and h{ }j satisfy the same commutation relations if
Figure 5. Fragments of the shrunk lattices: (a) A and (b) B , obtained from  by shrinkingA andB faces, respectively. Qubits are
placed on edges, and the stabilizer generators areX-vertex andZ-face operators.
3
Up tomultiplication byX-face stabilizers on certain neighboring faces of colorC.
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i j g g g g h h h h, : . (12)i j i j i j i j
† † † †∀ =
Wehave the following lemma.
Lemma2 (Clifford transformation). Let 1 and 2 be two isomorphic groups generated by two sets of independent
generators, g{ }j and h{ }j . If g{ }j and h{ }j have the same commutation relations, then there exists a Clifford unitary
transformationU such that
Ug U h j. (13)j j
† = ∀
Proof. Let usﬁnd a set of independent generators for 1 , whichwe call canonical:
A A A A
A A
, , , , ,
, ,
, (14)
n n n
n n n
1
1 1
1
1 1 2
2 1 2
 = … ……
+
+ +
where n n2 1⩾ , and twoPauli operatorsAi andAj commute unless they are in the same column, inwhich case
they anti-commute by deﬁnition.Note that n1 is the number of pairs of anticommuting canonical generators,
whereas n2 is the number of commuting canonical generators. Observe that any canonical generator can be
written as a product of generators g{ }j .
For a binary vector a a a( , , )n n1 1 2⃗ = … + , we deﬁne
( ) ( )a g a h, . (15)
j
n n
j
a
j
n n
j
a
1
1
2
1
j j
1 2 1 2
 ∏ ∏⃗ = ⃗ =
=
+
=
+
Then, there exists a set of independent n n1 2+ binary vectors a j( )⃗ such that
( )A a . (16)j j1 ( )= ⃗
Let B a( )j j2 ( )= ⃗ . Since commutation relations of g{ }j and h{ }j are identical, thenBj are canonical generators
for 2 :
B B B B
B B
, , , , ,
, ,
. (17)
n n n
n n n
2
1 1
1
1 1 2
2 1 2
 = … ……
+
+ +
Then, as shown in [34], there exists a Clifford unitaryU such that
{ }UA U B j n n1, , . (18)j j† 1 2= ∀ ∈ … +
Such a unitary transformation also satisﬁes
{ }Ug U h j n n1, , , (19)j j† 1 2= ∀ ∈ … +
which completes the proof of the (Clifford transformation) lemma 2.
We are ready to show the existence of a Clifford unitaryUf, which satisﬁes the rules in equations (5)–(8).
First, let us introduce the notion of the overlap group of the stabilizer group [34]. For a given subset of qubits,
denoted byQ, the overlap group onQ is deﬁned as the group generated by the restriction of generators of the
stabilizer group  ontoQ. Namely
u u , (20)Q Q = ∣ ∣ ∈
where u Q∣ represents a restriction of u ontoQ (see ﬁgure 6). Note that the overlap group is not necessarily
Abelian and is deﬁned up to a global phase.
The key idea in the proof of existence ofU is that the overlap groups for the color code and the toric code for
the set ofC faces are isomorphic. In particular, let us consider aC face f ∈ with n2 vertices, and two
corresponding faces f A A∈ and f B B∈ derived from f. Then, the overlap group of CC ( ) on f is generated
by
Z Z X X j n, {1, , 2 } , (21)f j j j j1 1 = 〈 ∣ ∈ … 〉+ +
whereas the overlap group ofTC ( )A andTC ( )B on f fA B⊔ is generated by
Z X X j n, {1, , 2 } . (22)f f j j j j j j( , 1) ( 1, ) ( 1, 2)A B = 〈 ∣ ∈ … 〉⊔ + − + +
Observe that both f and f fA B ⊔ have n4 2− independent generators and their centers are generated by 2
independent operators. Namely
( ) ( )G G , (23)f f fA B = ⊔
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( ) ( )( ) ( )G Z G Z . (24)f f fA B = ⊔
Using the (isomorphic groups) lemma 1, we obtain that f and f fA B ⊔ are isomorphic.
Let us choose a set of independent generators for f as follows
g Z Z j n( 1, , 2 1), (25)j j j 1= = … −+
g X Z Z (26)n
i
n
i n2
1
2
2 1⎜ ⎟
⎛
⎝
⎞
⎠= ⊗=
g X X j n( 1, , 2 2). (27)j n j j2 1= = … −+ +
We then label a set of independent generators for f fA B ⊔ in the followingway
h Z j n( 1, , 2 ), (28)j j j( , 1)= = …+
h X X j n( 1, , 2 2). (29)j n j j j j2 ( 1, ) ( 1, 2)= = … −+ − + +
By direct calculation one can verify that g{ }j and h{ }j have the same commutation relations. Thus, from the
(Clifford transformation) lemma 2, there exists a Clifford unitaryUf such that
U g U h j n{1, , 4 2}. (30)f j f j
† = ∀ ∈ … −
Therefore, the local Clifford unitaryU Uf f= ⊗ ∈ transforms CC ( ) intoTC TC( ) ( )A B ⊗ , and this
completes the proof of the theorem1.
Onemightﬁnd the labelings in equations (25)–(29) arbitrary. Yet, oncewe have chosen gj for j n1, , 2= … ,
it is not difﬁcult toﬁnd the right labeling for j n n2 1, , 4 2= + … − by checking the commutation relations.
Note that the choice of ( )g X Z Zn jn j n2 12 2 1= ⊗ = is crucial to ensure that the generators g{ }j jn12= are independent.
2.4. Three (ormore) dimensions
A similar equivalence between the topological color code and the toric code holds in any dimensions. It can be
summarized in the following theorem.
Theorem2 (Equivalence). Let CC ( ) be the stabilizer group of the topological color code deﬁned on a d-dimensional
lattice without boundaries, which is d( 1)+ -valent and coloredwith C C, , d0 … . Let X- and Z-type stabilizer
generators be supported on respectively d-cells and 2-cells, where d 2⩾ . Then, there exists a local Clifford unitaryU
such that
( )U CC U TC[ ( ) ] , (31)
j
d
j
†
1
  ⊗ = ⊗
=
where  represents the stabilizer group of decoupled ancilla qubits, andTC ( )j —the stabilizer group of the toric
code deﬁned on the shrunk lattice j derived from  by local deformations, i.e. shrinking d-cells of color Cj.Moreover,
one can choose the disentangling unitaryU to be of the form
U U , (32)
c
c
0
= ⊗
∈
where 0 is the set of d-cells of color C0 in , andUc is a Clifford unitary acting only on qubits on vertices of the d-cell c.
Figure 6.The overlap group of the stabilizer group  on the regionQ is deﬁned as the group generated by the restriction of the
generators of  ontoQ. Dotted circles represent the stabilizer generators of  with support intersectingQ.
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Note that the color code qubits are placed on vertices, whereas the toric code qubits—on edges. Thus, for
every d-cell c colored inC0, we shall add E V− ancilla qubits, whereV andE denote the number of vertices and
edges in c.We can assume that ancilla qubits are stabilized by single-qubit PauliZ operators. Since the lattice  is
d( 1)+ -valent, then E dV 2= and E V 0− ⩾ for d 2⩾ . In particular, ancilla qubits are required for the three-
or higher-dimensional case.
Since the color code and the toric code in d dimensions support excitations whose braiding properties are
similar (there exists an isomorphismbetween anyon labels for two codes), the equivalence should not be very
surprising. The study of topological invariants gives valuable insight into the equivalence ofmodels. It has been
argued that two topologically ordered systemswith isomorphic anyon labels andmodularmatrices belong to the
same topological phase [12, 35, 36]. This hypothesis has been proven for two-dimensional stabilizer
Hamiltonianswith translation symmetries [13]. Also, this hypothesis has been tested for the two-dimensional
Levin–Wenmodel in [20], where a construction of a transparent domainwall between two Levin–Wenmodels
(with tensor unitary categories satisfying certain equivalence conditions) was presented.
The idea of themapping is a straightforward generalization of the proof of the theorem1 presented in
section 2.2. First, we perform a local Clifford unitary, whose existence is guaranteed by the (Clifford
transformation) lemma 2. Then, we analyze how the stabilizer generators of the color code transformunder
such a unitary. Finally, we check that the stabilizers can be split into d sets, each of themdeﬁning a copy of the
toric code on a lattice obtained by deforming the initial lattice . For the sake of clarity, we focus on d=3.We
alsoﬁrst present the construction of shrunk lattices, before explaining how to construct a local Clifford unitary
transforming the color code into d decoupled copies of the toric code.
In three-dimensions, the lattice  has volumes coloredwith four colors,A,B,C andD. Recall that we can
assign colors to faces and edges, too.Namely, a face has two colors of two volumes it belongs to, whereas an edge
has three colors (of three volumes it belongs to).We obtain three shrunk lattices A , B and C by shrinking
volumes of colorA,B andC, respectively. In particular, A consists of
• vertices—centers ofA volumes in ,
• edges—BCD edges in ,
• faces—BC,BD andCD faces in ,
• volumes—B,C andD volumes in .
For an example, see ﬁgure 7. Similarly for other shrunk lattices B and C . In general, a d-dimensional
lattice  is coloredwith d 1+ colors, C C, , d0 … , and one obtains the shrunk lattice i , where i=1,…,d, by
shrinking d-cells of colorCi. Namely, i consists of
• vertices—centers of d-cells in  of colorCi,
• edges—edges in  of color C C C{ , , } { }d i0 … ⧹ ,
Figure 7. (a) The boundary c∂ of a volume c of colorD in the lattice . Note that c∂ can be viewed as a three-colorable and three-
valent lattice on a closedmanifold (a sphere), with faces colored inAD,BD andCD. (b) A volume in the shrunk lattice A derived
from c after shrinking volumes of colorA. Note that qubits are placed on (a) vertices and (b) edges. The ﬁgures were created using
RobertWebb’s Stella software (http://software3d.com/Stella.php).
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• faces—faces in  of color C C C C{ , , } { , }d i j0 … ⧹ for all j i≠ .
We construct the disentangling unitaryU as a tensor product of local Clifford unitaries,U Uc c= ⊗ ∈ ,
where is the set of all volumes of colorD. Let us consider a volume c of colorD. The overlap group c of the
stabilizer group of the color code on c is generated byZ-edge operators andX-face operators, for each and every
edge and face belonging to c. Namely
ð33Þ
Let ( )V V2 ≃ ⊗ and ( )E E2 ≃ ⊗ be theHilbert spaces of color code qubits and toric code qubits, respectively
placed on vertices and edges of the volume c. Since E V 0− > , we need to add E V− ancilla qubits to qubits on
vertices tomatch the dimensionality ofHilbert spaces, V Eancilla  ⊗ ≃ , where ancilla is theHilbert space of
ancilla qubits. Let Z i E V{1, , }c i = 〈 ∣ ∀ ∈ … − 〉be the stabilizer group of the ancilla qubits, whereZi is the
PauliZ operator acting on the ancilla qubit i.Wewould like to construct a Clifford unitaryUcwhichmaps the
group c c ⊗ of operators on theHilbert space V ancilla ⊗ into the group
ð34Þ
of operators on E according to the rules
ð35Þ
The parenthesis indicate that themapping holds up tomultiplication by the elements of the center Z ( )c c ⊗ .
Let us analyze what happens to the stabilizer group of the color code and the stabilizer group of ancilla
qubits, CC ( ) c c ⊗ ∈ , after applying the unitaryU Uc c= ⊗ ∈ . One can verify that
• X-vertex stabilizers ofTC ( )A ,TC ( )B andTC ( )C are obtained fromX-volume stabilizers4 in CC ( ) of
colorA,B andC, respectively,
• Z-face stabilizers inTC ( )A are obtained fromZ-face stabilizers (see footnote 4) of colorBD,CD andBC;
similarly forTC ( )B andTC ( )C ,
• the elements in the center Z ( )c c ⊗ aremapped into the center Z ( )cTC .
Moreover, the generators of the group ( )U CC U( ) c c † ⊗ ∈ are supported on either A , or B , or C ,
and thus one obtains three decoupled copies of the toric code.
The last thingwe need to justify is the existence ofUc consistent with the rules in equation (35).We start with
showing that c c ⊗ and cTC are isomorphic. Clearly, n E, Pauli( )c c cTC  ⊗ ⊂ = . First, let us look at the
independent generators of c c ⊗ . There areV 1− independent operators of type denoted by
g{ }i i
V
1
1
=
− , supported on edges of a (spanning) treeT E⊂ of the graphG V E( , )= . To see this, note that edge
operators are independent as long as the corresponding edges do not form a closed loop. This implies that
independent edge generators correspond to a tree consisting ofV 1− edges in the graphG. In the case of
operators of type there are exactly two independent relations between them, namely
ð36Þ
where the products are taken over allX-face operators associatedwith faces of c of colorAD,BD, andCD,
respectively. Thus, there are F 2− independentX-face operators.We set F 3− generators g{ }i i VV F 4=+ − to beX-
face operators, associatedwith all faces of c but three—one of each colorAD,BD andCD.We also set
g X v( )V F v V3 = ⊗+ − ∈ , where X v( )v V⊗ ∈ is theX-volume operator on c. Including E V− single-qubit Pauli
4
Up tomultiplication by elements of the center Z ( )c c ⊗ for any neighboring volume c of colorD.
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Z stabilizer generators g{ }i i V F
E F
2
3
= + −
+ − for ancilla qubits, there are
V F E V E F( 1) ( 2) ( ) 3 (37)− + − + − = + −
independent generators of c c ⊗ , and thusG E F( ) 3c c ⊗ = + − . Note that since
ð38Þ
thenG Z F E V( ( )) ( 2) 1 ( )c c ⊗ = − + + − .
In the case of c
TC , there are E independent generators of type Observe that there are only three
independent relations between generators of type namely
ð39Þ
and thusG E F( ) ( 3)c
TC = + − . Since the group cTC has single qubit Pauli Z operators as generators, the
center Z ( )c
TC can only be generated byZ-type operators
ð40Þ
There are F2 operators of type and they satisfy three independent relations, namely a product of
allZ-face operators with qubits placed on edges not colored in i is equal to identity, for i A B C{ , , }∈ . Thus
G Z F( ( )) 2 3c
TC = − and using the Euler characteristic for c,V E F 2− + = , we obtainG Z( ( ))cTC =
G Z( ( ))c c ⊗ . From the (isomorphic groups) lemma 1we obtain that c c ⊗ and cTC are isomorphic.
We have already chosen independent generators g{ }i of c c ⊗ .We choose independent generators h{ }i of
c
TC as follows:
• for i V1, , 1= … − :
• for i V V F, , 4= … + − :
• for i V F 3= + − : g X v h Z e( ) ( )i v V i e E= ⊗ → = ⊗∈ ∈ ,
• for i V F E F2, , 3= + − … + − : g Z h Z ( )i i i cTC= → ∈ ,
whereZi is the PauliZ operator on the ancilla qubit i.Wewould like to emphasize that the choice of
h{ }i i V F
E F
2
3
= + −
+ − does notmatter, as long as they belong to the center Z ( )c
TC and h{ }i iE F1 3=+ − is the set of
independent operators. One can verify that g{ }i and h{ }i have the same commutation relations, and thus from
the (Clifford transformation) lemma 2, there exists a Clifford unitaryUc such that
U g U h i E F{1, , 3}. (41)c i c i
† = ∀ ∈ … + −
Moreover, the choice of generators g{ }i and h{ }i guarantees that the rules in equation (35) are satisﬁed. This
concludes the proof of the (equivalence) theorem2 in d=3dimensions.
Finally, we present a proof sketch for higher-dimensional case (for a rigorous proof, see the appendix). The
color code is deﬁned on a d-dimensional lattice with d-cells colored in C C C, , , d0 1 … . Let c be a d-cell in  of
colorC0 withV vertices, E edges and F d( 1)− -cells. Let c be the overlap group of the stabilizer group CC ( ) of
the color code on c and c be the stabilizer group of E V− ancilla qubits. Note that c c ⊗ is generated by
Z-edge operators,X-type d( 1)− -cell-like operators and single PauliZ operators on ancilla qubits. Thus,
G V F d E V E F d( ) ( 1) ( 1) ( )c c ⊗ = − + − + + − = + − . Let cTC be deﬁned as a group of
operators on qubits placed on edges of c. Namely, c
TC is generated by single qubit PauliZ operators on edges
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andX-vertex-like operators with support on all edges radiating out of d( 1)− -cells of c. Note that there are d
independent relations betweenX-vertex-like operators, namely a product of allX-vertex-like operators
associatedwith d( 1)− -cells of certain color is identity. Thus,G E F d( )cTC = + − . By relating the number
of independent generators of Z ( )c c ⊗ and Z ( )cTC to the number of i-cells of c, for i d0, 1, ,= … , and the
Betti numbers of c, we can proveG Z G Z( ( )) ( ( ))c c c
TC  ⊗ = (see the appendix formore details). From the
(isomorphic groups) lemma 1we obtain that c c ⊗ and cTC are isomorphic.We then choose independent
generators g{ }i and h{ }i of c c ⊗ and cTC as follows
• g{ }i i
V
1
1
=
− —independentZ-edge operators related to a spanning treeT E⊂ of the graphG V E( , )= h{ }i iV 11→ =−
—single qubit PauliZ operators on qubits placed on edges associatedwith the spanning treeT,
• g{ }i i V
F V d 1
=
+ − − —independentX-type d( 1)− -cell operators associatedwith all d( 1)− -cells of c except for d of
them, namely one d( 1)− -cell for each colors C C0 1, C C C C h, , { }d i i VF V d0 2 0 1… → =+ − − —X-vertex-like
operators with support on edges radiating out of F d− corresponding d( 1)− -cells of c,
• g X v h Z e( ) ( )i F V d v V i F V d e E= ⊗ → = ⊗= + − ∈ = + − ∈ ,
• g{ }i i F V d
E F d
1= + − +
+ − —single PauliZ operators on ancilla qubits→ h Z{ } ( )i i F V dE F d cTC1 ∈= + − ++ − —elements of the
center of c
TC chosen in such away that all the operators h{ }i are independent.
One can verify that g{ }i and h{ }i have the same commutation relations. From the (Clifford transformation)
lemma 2, there exists a local Clifford unitaryUc such that
U g U h i E F d{1, , }. (42)c i c i
† = ∀ ∈ … + −
By applying the disentangling unitary transformationU Uc c0= ⊗ ∈ to the stabilizer group CC ( ) of the color
code and the stabilizer group c c0 = ⊗ ∈ of ancilla qubits, one obtains the stabilizer groups of the toric code
supported on d decoupled lattices , , d1 … , namely
( )U CC U TC[ ( ) ] , (43)
j
d
j
†
1
  ⊗ = ⊗
=
which concludes the proof of the (equivalence) theorem2.
3. Topological color codewith boundaries
Realistic physical systems have boundaries.Moreover, the transversal implementability of logical gates in the
topological color code crucially depends on the choice of boundaries. In this sectionwe show that the color code
deﬁned on a d-dimensional lattice with d 1+ boundaries of d 1+ distinct colors is equivalent to d copies of the
toric code attached together at a d( 1)− -dimensional boundary.We also brieﬂy describe how the choice of
boundaries of the color code determines if the copies of the toric code are attached or decoupled.We then
discuss such boundaries from the viewpoint of condensation of excitations.
3.1. Physical intuition behind folding
Webeginwith presenting some physical intuitionwhy the toric codewith two smooth and two rough
boundaries needs to be folded if one hopes for transversal logical non-Pauli gates such as theHadamard gate H .
Let us recall known results about gapped boundaries of the toric code. In two spatial dimensions, the toric code
may have two types of boundaries, smooth and rough [20]. The rough boundaries are deﬁned as the boundaries
with open edges (see ﬁgure 8). Similarly to the toric codewithout boundaries, there areX-vertex andZ-face
stabilizers, althoughZ-face stabilizers have to bemodiﬁed along the rough boundaries. AnX-type (Z-type)
string-like logical operator can only start from and end on smooth (rough) boundaries. One says that the electric
charge e, i.e. the violatedX-vertex stabilizer, condenses on the rough boundary and themagnetic ﬂuxm, i.e. the
violatedZ-face stabilizer, is conﬁned since single e, unlikem, can be created or absorbed on the rough boundary.
Similarly,m condenses and e is conﬁned on the smooth boundary.
Consider the two-dimensional toric codewith two smooth and two rough boundaries as depicted in
ﬁgure 8(a). Since there is only one pair of anti-commuting logical operators, X and Z , the code encodes a single
logical qubit. There is one crucial difference between the toric code and the color code (with boundaries)—the
latter admits transversal implementation of theHadamard gate H while the former does not. Recall that the
Hadamard gate swaps PauliX andZ operators. Suppose that theHadamard gate can be implemented by a local
unitary operatorU. Let X and X′be two equivalent implementations of the logicalX operator, supported on
string-like horizontal regions (see ﬁgure 8(a)). Then,UXU † implements the logicalZ operator, which has to
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anti-commutewith X′. On the other hand, sinceU is a local unitary, thenUXU † and X′have no overlap, and
thus they commute, leading to a contradiction.We conclude that the logicalHadamard gate cannot be
implemented by a local unitary operator in the toric codewith boundaries. This is a simple version of the
argument presented in [10].
We note that if the logical Hadamard is transversal, then both logicalX andZ operatorsmust have
representations which are supported on overlapping regions. By folding the toric code, both logicalX andZ
operators can be supported on overlapping regions, as shown inﬁgure 8(b). Thus, for the logical Hadamard to
be transversal folding of the toric code is indeed necessary.
3.2. Unfolding in two dimensions
Wenow return to the analysis of the topological color code CC ( ) supported on a (three-valent and three-
colorable) two-dimensional lattice with the Euler characteristic5 χ= 2 − 2g − b and the boundary
i
n
i1 ∂ = ⨆ ∂= , where i∂ is the (maximum) connected component of the boundary ∂ of certain color. For
conciseness, we simply refer to i∂ as a boundary.We say that the boundary i∂ is of colorC1 if all the faces
adjacent to i∂ have colorsC2 andC3, where C C C A B C{ , , } { , , }1 2 3 = . One can show that the color code
CC ( ) encodes 2 2( )n n b,0 ,μ χ− + ∂ + ∂ logical qubits where μ is the number of two-valent vertices belonging
to ∂ and δi,j is the Kronecker delta. In particular, one important case corresponds to the triangular color code
Figure 8.Origami of the toric codewith boundaries. (a) Blue line, starting from and ending on rough boundaries, represents the
logicalZ operator. Green lines, starting from and ending on smooth boundaries, represent the logicalX operator. (b) The color code
with three boundaries, A∂ , B∂ and C∂ , obtained by folding the toric codewith two smooth and two rough boundaries. After
folding, two logical operators X and Z are supported on overlapping regions.
Figure 9. (a) The (triangular) color code on a two-dimensional lattice with the boundary ∂ comprising of three components of
colorA,B andC, namely A B C   ∂ = ∂ ⊔∂ ⊔∂ . Qubits are represented by dots. (b) A fragment of the lattice A derived from  by
shrinking faces of colorA. The smooth boundary arises in A on the boundary B∂ . (c) A fragment of the lattice B derived from 
by shrinking faces of colorB. The rough boundary arises in B on the boundary B∂ .
5
We can think of  as a tiling of a two-manifoldwith boundary, and then the Euler characteristic is g b2 2χ = − − , where g is the
genus of and b is the number of connected components of ∂ .
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(with three boundaries of colorA,B andC as shown inﬁgure 9(a); see alsoﬁgure 8(b)), which encodes one
logical qubit regardless of the system size, and has transversal logicalHadamard H and the phase gate R2 .
Wewould like to understand how the color code CC ( ) with boundaries transforms under the
disentangling unitaryU Uf f= ⊗ ∈ described in section 2.2. In the bulk, the disentangling unitaryU
transforms the stabilizers of the color code into stabilizers of the toric code supported on two decoupled lattices
A and B , obtained from  by shrinking faces of colorA andB, respectively. On the other hand, the stabilizers
of the color code supported on qubits near the boundariesmay transform into stabilizers supported on both
shrunk lattices A and B , depending on the colors of ∂ . Unless there is no boundary of colorC, we cannot
transform the color code CC ( ) into the toric code supported on two decoupled lattices, TC TC( ) ( )A B ⊗ .
Rather, the toric code is deﬁned on a lattice #A B  obtained by attaching6 A and B , i.e. identifying some of
their boundaries. Namely
( )U CC U TC[ ( )] # . (44)A B†  =
In the rest of this subsectionwe analyze the triangular color code (see ﬁgure 9), but the discussion is applicable to
the color code on any homogeneous cell two-complexwith boundary, which is three-colorable and three-valent.
Let us describe how to obtain the lattice #A B  supporting the toric code. Recall that in the bulk, A and B
are obtained from  by shrinking faces of colorA andB. Let A∂ , B∂ and C∂ be the boundaries of colorA,B
andC, respectively.Weﬁnd that shrunk lattices A and B are decoupled along A∂ and B∂ , but are identiﬁed
along C∂ . In particular
• on the boundary A∂ : the lattice A has open edges (rough boundary), whereas B —no open edges (smooth
boundary),
• on the boundary B∂ : the lattice B has open edges (rough boundary), whereas A —no open edges (smooth
boundary),
• on the boundary C∂ : since the disentangling unitaryU does not affect the qubits placed on vertices
belonging to C∂ , both lattices A and B share these qubits.
Figure 10.Attaching two lattices: (a) A and (b) B by identifying qubits along the boundary C∂ . (c)Unfolded toric code
TC ( # )A B  . Blue qubits belong to the lattice A , whereas red qubits belong to the (ﬂipped) lattice B .
6
Wewould like to point out similarities between the attaching procedurewe describe andwelding deﬁned in [37].
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See ﬁgures 9 and 10(a), (b) for examples of how smooth and rough boundaries arise in the disentangling
procedure. Note that along C∂ , the lattices A and B are identiﬁed. This implies that the electric excitation e
on A can be transformed into the excitation e on B by going through the boundary C∂ ; similarly for the
magnetic excitationm.
We can visualize the lattice #A B  by ﬂipping horizontally B and attaching it to A (see ﬁgure 10(c)).
Observe that starting from the color code CC ( ) with three boundaries, performing the disentangling unitary
U Uf f= ⊗ ∈ and unfolding the resulting lattice #A B  , one obtains a single copy of the toric code
TC ( # )A B  with two smooth and two rough boundaries.We can summarize the discussion by the following
theorem.
Theorem3 (Unfolding). The (triangular) color code CC ( ) on a two-dimensional lattice with three boundaries,
A∂ , B∂ and C∂ , is equivalent to one folded copy of the toric codeTC ( # )A B  deﬁned on a lattice #A B  with
two smooth and two rough boundaries.Moreover, #A B  is constructed by attaching two lattices A and B
(derived from  by shrinking faces of color A and B, respectively) along the boundary C∂ .
3.3. Three (ormore) dimensions
The toric code on a d-dimensional lattice with boundaries, d 3⩾ , does not differ substantially from the two-
dimensionalmodel—qubits are placed on edges, andX- andZ-type stabilizer generators are associatedwith
vertices and faces. There are two types of boundaries, rough and smooth, whichmay absorb point-like electric
charges and d( 1)− -dimensionalmagnetic ﬂuxes, respectively.Moreover, string-like logicalZ (respectively
d( 1)− -dimensionalmembrane-like logicalX) operators can only start from and end on rough (respectively
smooth) boundaries (seeﬁgure 14(b)).
The color code can be deﬁned on a d( 1)+ -valent and d( 1)+ -colorable d-dimensional lattice with the
boundaries i
n
i1 ∂ = ⨆ ∂= , where each (maximum) connected component i∂ has one out of d 1+ colors,
C C, , d0 … .We say that i∂ is of colorCj if all d-cells adjacent to i∂ have colors different fromCj. Qubits are
placed on vertices, andX- andZ-type stabilizer generators are associatedwith d-cells and two-cells (faces),
respectively. For the sake of clarity, in the rest of this subsectionwe focus on the three-dimensional color code
CC ( ) deﬁned on a tetrahedron-like lattice with four boundaries of colorA,B,C andD (see ﬁgure 11(a)).
Wewould like to analyze what happens to CC ( ) if we apply the disentangling unitaryU Uc c= ⊗ ∈
described in section 2.4. In the bulk, the disentangling unitaryU transforms the stabilizers of the color code into
stabilizers of the toric code supported on three decoupled lattices, A , B and C , obtained from  by
shrinking volumes of colorA,B andC, respectively. Since A , B and C share qubits along the boundary D∂ ,
we cannot transform the color code CC ( ) into the toric code supported on three decoupled lattices,
TC TC TC( ) ( ) ( )A B C  ⊗ ⊗ . Rather, the toric code is deﬁned on a lattice # #A B C   obtained by
attaching three shrunk lattices along the boundary D∂ .We then obtain
( )U CC U TC[ ( ) ] # # , (45)A B C†    ⊗ =
where  is the stabilizer group of the ancilla qubits. Note thatU does not transformqubits on vertices belonging
to the boundary D∂ .
Let us have a closer look at the shrunk lattices and the identiﬁed boundary. i has one rough boundary i∂ ,
and two smooth boundaries j∂ and k∂ , where i j k A B C{ , , } { , , }= (seeﬁgure 11). Recall that shrunk lattices
share only qubits placed on vertices of the identiﬁed boundary D∂ . To obtain # #A B C   one attaches the
shrunk lattices by identifying the qubits placed on vertices of D∂ (see ﬁgure 12).Note that a single-qubit PauliZ
operator on a qubit on the boundary D∂ causes threeX-vertex stabilizers to be violated, i.e. one in each of three
shrunk lattices. Put another way, such an operator creates a triple of electric charges, eA, eB and eC. This implies
Figure 11. (a) A tetrahedron-like lattice with boundaries A∂ , B∂ , C∂ and D∂ . Three shrunk lattices: (b) A , (c) B , (d) C
derived from . The shaded boundary represents the attaching boundary D∂ .
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that the composite electric charge e e eA B C can condense on the boundary D∂ .We focus on condensation of
excitations on the boundaries in the next subsection.
The discussion here can be straightforwardly generalized to d dimensions, yielding the equivalence between
the color code and the toric codewith boundaries.We concludewith the following theorem.
Theorem4 (Attaching). Let CC ( ) be the color code on a d-simplex-like lattice with d 1+ boundaries
, , d0 ∂ … ∂ , where i∂ has color Ci. Then, there exists a local Clifford unitaryU Uc c0= ⊗ ∈ (described in
section 2.4) such that
( )U CC U TC[ ( ) ] # , (46)id i† 1  ⊗ = =
where  is the stabilizer group of the ancilla qubits. The toric codeTC (# )id i1= is deﬁned on the lattice #id i1=
obtained by attaching lattices , , d1 … along the boundary 0∂ , where i is derived from  by shrinking d-cells of
color Ci, and has one rough boundary, i∂ .
Let usmention that the lattice  from the theorem4 can be obtained froma certain tiling of a d-sphere (see
[29] for details).
3.4. Condensation of anyonic excitations
It is instructive to interpret the equivalence between the color code and the toric codewith boundaries from the
viewpoint of condensation of anyonic excitations. In the two-dimensional toric code, the anyonic excitations
are: electric e—a single violatedX-vertex stabilizer,magneticm—a single violatedZ-face stabilizer, and
fermionic e mϵ = × —a composite excitation obtained by fusing e andm. The label 1 corresponds to the
vacuum (no excitations).
The gapped boundaries of two-dimensional systems are classiﬁed bymaximum sets ofmutually bosonic
excitations whichmay condense [21, 38–41]. In the case of a single layer of the toric code, possible sets of anyons
whichmay condense on the boundaries are e{1, } and m{1, }. Note that ϵ has fermionic self-statistics and thus
cannot condense on the gapped boundaries. The sets e{1, } and m{1, } correspond to rough and smooth
boundaries, respectively [20]. On the other hand, the folded toric code has three boundaries (see ﬁgure 8(b)). If
we denote by ei,mi and iϵ the excitations in the rear (i=1) and front (i = 2) layer of the folded toric code, thenwe
can associate the boundaries with the sets of condensing anyons.Namely
{ }e m e m1, , , , (47)A 1 2 1 2∂ ↔
{ }e m e m1, , , , (48)B 2 1 2 1∂ ↔
{ }e e m m1, , , . (49)C 1 2 1 2 1 2 ϵ ϵ∂ ↔
As depicted inﬁgure 13(a), two electric charges e1 and e2 created on boundaries A∂ and B∂ can be jointly
annihilated (or created) on C∂ .
By associating the boundaries with the sets of condensing anyonswe can ﬁnd the correspondence between
anyonic excitations in the toric code and the color code.We can label excitations in the color code by iP, where
P X Z{ , }∈ indicates the type of the violated stabilizer, and i A B C{ , , }∈ indicates the color of the face
associatedwith the violated stabilizer. Observe that not all six excitations are independent. For instance, a single
qubit PauliX operator on a vertex v creates excitations,AZ,BZ andCZ, on three neighboring faces sharing v. This
implies that in the bulk the following fusion channels exist
Figure 12.The identiﬁed boundary D∂ of three shrunk lattices: (a) A , (b) B and (c) C . The shrunk lattices are attached by
identifying qubits on vertices of D∂ .
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A B C A B C1, 1. (50)X X X Z Z Z× × = × × =
Note that excitations iX and iZ can only condense on the boundary i∂ . This leads to the following isomorphism
between labels of anyonic excitations of the toric and color codes
e A e B m B m A, , , . (51)X X Z Z1 2 1 2↔ ↔ ↔ ↔
In d 2> dimensions, the excitations of the color code are point-like electric charges and d( 1)− -
dimensionalmagnetic ﬂuxes. Let usﬁrst focus on condensation of electric charges.Weﬁnd that the boundaries
of the d-dimensional color code on a d-simplex-like lattice are given by
e e e{ }, (52)d0 1 2∂ ↔ …
e i d{ } for 1, , . (53)i i∂ ↔ = …
(See ﬁgure 13 for two- and three-dimensional examples.) Yet, none of themagnetic ﬂuxes can individually
condense on the boundary 0∂ . Rather, any pair ofﬂuxes can condense on 0∂ , and thuswemight think of the
ﬂuxes as being equivalent. To sumup, weﬁnd the following condensations of d( 1)− -dimensionalmagnetic
ﬂuxes:
{ }m m i j , (54)i j0∂ ↔ ∣ ∀ ≠
{ }m j i . (55)i j∂ ↔ ∣ ∀ ≠
Onemay observe that, as expected, the set of condensingmagnetic and electric excitations on every boundary is
mutually bosonic.
Wewould like to emphasize that while the gapped boundaries in (2 1)+ -dimensional TQFTs have been
throughly classiﬁed [21, 22], the understanding of the gapped boundaries in higher-dimensional TQFTs is still
incomplete. Characterization of condensing excitations in the color codemay provide instructive examples
helpingwith classiﬁcation of the gapped boundaries in higher-dimensional TQFTs.Namely, different
boundaries of various colors in the color codemay lead to a rich variety of gapped boundaries in the
corresponding toric codemodels.Moreover, logical action of the transversal Rn
∼
operator (see equation (56)) on
the code space crucially depends on the choice of boundaries in the color code. Thus, onemay be able to
characterize gapped boundaries by analyzing the logical action of transversal operators, and vice versa.
4. Transversal gates
Wehave seen that the color code is equivalent to (multiple copies of) the toric code, both in the presence or the
absence of boundaries. Ourﬁndings hint that theremight be non-trivial logical gates from the dth level of the
Clifford hierarchy in the d-dimensional toric codewhich admit fault-tolerant implementation. In this section,
we show that one can implement by local unitary transformations the logical d-qubit control-Z gate on the stack
of d copies of the d-dimensional toric codewith point-like excitations.
4.1. TransversalRd operator and boundaries
Let us start with reviewing the transversal implementation of the physical phase gate R diag(1, e )n 2 i 2
n= π in the
color code [29, 42]. Consider the topological color code CC ( ) on a d-dimensional lattice , which is d( 1)+ -
valent and d( 1)+ -colorable. It is known that the graphG V E( , )= of vertices and edges of  is bipartite,
Figure 13.Condensation of electric charges in (a) two and (b) three dimensions. Observe that single electric charges can condense on
all but one boundary, which is the identiﬁed boundary.On the identiﬁed boundary, a composite electric charge (a) e e1 2 and (b) e e e1 2 3
can be created or annihilated.
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namely the set of verticesV can be split into two subsets,T andTc, such thatV T Tc= ⊔ and vertices inT are
connected only to vertices inTc, and vice versa. Then, regardless of the lattice , the following unitary operator
preserves the code space
R R j R j( ) ( ). (56)d
j T
d
j T
d
1
c
≔ ⊗ ⊗
∈ ∈
−
Here, we adopt a convention that Rd denotes a transversal operator implemented by physicalRd gates or their
powers.When the lattice  is d-simplex-like (see section 3.3 andﬁgure 11), then Rd implements the logicalRd
gate in the code space. For other choices of boundaries, the action of Rd in the code space does not necessarily
coincidewith the logicalRd gate.
For the sake of simplicity, in the rest of this sectionwe shall consider the d-dimensional color code supported
on a d-hypercube-like lattice  coloredwith C C, , d0 … (seeﬁgures 14(a) and 15(a)). In particular, we choose 
to have the opposite boundaries colored in the same color. Namely, we assume that two boundaries
perpendicular to the direction jˆ have colorCj, where j=1,…,d. One can show that the color code CC ( )
encodes d logical qubits. In order to do this, consider the disentangling unitaryU Uc c0= ⊗ ∈ , which is a tensor
product of local unitaries supported on d-cells of colorC0 (see sections 2.4 and 3.3). Then,U transforms the
color code CC ( ) into d decoupled copies of the toric code
( )U CC U TC[ ( ) ] , (57)
i
d
i
†
1
  ⊗ = ⊗
=
where  is the stabilizer group of the ancilla qubits and the lattice i is derived from  by shrinking d-cells of
colorCi.Moreover, i is a d-hypercube-like lattice with two rough boundaries which are perpendicular to the
direction iˆ and all the other boundaries smooth. Thus, for i=1,…,d, the toric code TC ( )i encodes one logical
Figure 14. (a) The color code CC ( ) on a three-dimensional cube-like lattice with pairs of boundaries perpendicular to the
direction iˆ coloredwithCi. (b) The toric code TC ( )3 on a cube-like lattice 3 derived from  by shrinking three-cells of colorC3.
Note that 3 has two rough boundaries (shaded) and TC ( )3 encodes one logical qubit with a string-like logicalZ operator (red)
connecting two opposite rough boundaries and amembrane-like logicalX operator (blue).
Figure 15. (a) The topological color code CC ( ) on a square-like lattice with four boundaries of colorC1 andC2 encodes two
logical qubits, with logical operators X i( ) and Z i( ) for i=1, 2. The toric code TC ( )i (b) for i=1 and (c) for i=2 derived from  by
shrinking faces of colorCi encodes one logical qubit with logical operators Xi and Zi .
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qubit, with a string-like logicalZ operator in the direction iˆ , and a d( 1)− -dimensionalmembrane-like logical
X operator perpendicular to iˆ .
With the above choice of boundaries, Rd does not implement the logicalRd gate in the code space. One
veriﬁes this by observing that R Id
2 = in the code space of the color code. Rather, weﬁnd that Rd implements
the logical d-qubit control-Z gate on the stack of d copies of the toric code. (Note that a similar observation holds
for the color code supported on a d-torus, i.e. a d-hypercube-like lattice with periodic boundary conditions.)We
devote the rest of this section to describe thisﬁnding.
4.2. Transversal d-qubit control-Z gate in the toric code
Wediscuss the two-dimensional case ﬁrst. The topological color code on a square-like lattice with four
boundaries of colorC1 andC2 encodes two logical qubits (see ﬁgure 15(a)).We label by X
i( ) and Z i( ) the logical
PauliX andZ operators, which are perpendicular or parallel to the direction iˆ , respectively, for i=1, 2. Since a
unitary operatorR2 transforms PauliX intoY and leavesZ unchanged, then the logical operators transform
under the conjugation by R2 as follows
X X Z Z Z X Z X Z Z, , , . (58)(1) (1) (2) (1) (1) (2) (1) (2) (2) (2)→ → → →
Note that since there is no boundary of colorC0, then the disentangling unitaryU (see equation (57))
transforms the color code CC ( ) into two decoupled copies of the toric code, TC ( )1 andTC ( )2 . The
mapping deﬁnes an isomorphism between logical operators of the color code and the toric code (seeﬁgure 15).
Namely
X X I X I X Z Z I Z I Z, , , , (59)(1) 1 (2) 2 (1) 1 (2) 2↔ ⊗ ↔ ⊗ ↔ ⊗ ↔ ⊗
where P P1 2⊗ denotes an operator which acts as a logicalP1 operator on theﬁrst copyTC ( )1 of the toric code,
and asP2 on the second copyTC ( )2 . Thus, one can immediately deduce the effect ofUR U2 † on logical
operators ofTC ( )1 andTC ( )2
X I X Z I X Z X Z I Z I I Z I Z, , , . (60)1 1 2 2 1 2 1 1 2 2⊗ → ⊗ ⊗ → ⊗ ⊗ → ⊗ ⊗ → ⊗
This implies that the action of R2 in the color code is equivalent (up to the local Clifford unitaryU) to the logical
control-Z gate between two copies of the toric code.
Let us consider d-dimensional case, d 2⩾ . The d-qubit control-Z gate is a generalization of the control-Z
gate and is deﬁned in the computational basis as
C Z x x x x, , ( 1) , , . (61)d d x x d1 1 1d1∣ … 〉 = − ∣ … 〉⊗ − …
Note that the action of C Zd 1⊗ − is invariant under permutation of qubits. Similar to the phase gateRd, the d-
qubit control-Z belongs to the dth level of the Clifford hierarchy7 but is outside the d( 1)− th level, which can be
seen from the following relations
R X R RK , e , (62)n n n2 i 2 1 1
n⎡⎣ ⎤⎦ = ∝π− − −
C Z X I I C ZK , , (63)n n n1 1 2⎡⎣ ⎤⎦⊗ = ⊗⊗ − ⊗ − ⊗ −
where n 2⩾ and the commutator is deﬁned as A B ABA BK[ , ] † †= .
We label logicalX andZ operators in the color code by X i( ) and Z i( ) for i=1,…,d. Namely, Z i( ) is a string-
like logical operator parallel to the direction iˆ (i.e. connecting two opposite boundaries of colorCi) and X
i( ) is a
d( 1)− -dimensionalmembrane-like logical operator perpendicular to the direction iˆ .We deﬁne the operator
Ri͠ recursively for i d 1, , 1= − … as follows
R R XK , , (64)d d1 (1)
⎡⎣ ⎤⎦=− 
R R XK , , (65)d d2 1 (2)
⎡⎣ ⎤⎦=− −
(66)⋮
R R X ZK , . (67)d d1 2 ( 1) ( )
⎡⎣ ⎤⎦= =͠ −
Note that the above relations hold for any permutation of colors C C, , d1 … . Let Xj and Z j be logicalX andZ
operators in the toric code TC ( )j . Then, the following correspondence holds
7
TheClifford hierarchy is deﬁned recursively: 1 is the Pauli group and U UPU P{unitary }j j† 1 1  = ∣ ∈ ∀ ∈− for j 1> .
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X X Z Z, . (68)j j j j( ) ( )↔ ↔
Wecan verify that using Rd one can implement the logical d-qubit control-Z gate on the stack of d copies of the
toric code. Namely,
I C Z C Z XK , , (69)d d2 1 1
⎡⎣ ⎤⎦⊗ ∝⊗ − ⊗ −
I C Z I C Z XK , , (70)d d2 3 2 2
⎡⎣ ⎤⎦⊗ ∝ ⊗⊗ ⊗ − ⊗ −
(71)⋮
I Z CZ XK , . (72)d d1 1⎡⎣ ⎤⎦⊗ ∝⊗ − −
In the above equations proportionality indicates the same action of the operators on the code space. Since the
disentangling unitaryU is a local unitary transformation,UR Ud † is a local unitary transformation implementing
the logical C Zd 1⊗ − gate on the stack of d copies of the toric code.We summarize the discussion in this section by
the following theorem.
Theorem5 (Transversal implementation). Consider a d( 1)+ -colorable and d( 1)+ -valent d-hypercube-like
lattice with pairs of boundaries perpendicular to the direction iˆ colored in Ci for i = 1,…,d. Let i be a lattice
derived from  by shrinking all d-cells of color Ci. Then, the logical d-qubit control-Z gate can be implemented on
TC TC( ), , ( )d1 … —the stack of d-copies of the toric code, by a local unitary transformation
C Z UR U , (73)d d1 †∝⊗ − 
where Rd is a transversal Rd gate (see equation (56)) implemented in the color code CC ( ) andU is the disentangling
unitary transforming CC ( ) into TC ( )id i1 ⊗ = .
Observe that the implementation of C Zd 1⊗ − seems to require a set of d lattices { }i which satisfy certain
constraints, i.e. are derived from  described in the (transversal implementation) theorem5. In general, itmay
not be clearwhether there exists a local unitary transformation implementing C Zd 1⊗ − in d copies of the toric
code. Yet, one can freely deform the lattices onwhich the toric code is supported by local operations. Speciﬁcally,
consider the toric code TC ( ) on a d-dimensional lattice .We claim that one can transformTC ( ) into
TC ( )′ by local unitary transformations (and adding or removing ancilla qubits), where ′ is a lattice derived
from the original lattice  by adding or removing edges. Such local deformations of the lattices allow us to
obtain d copies of the toric codewith C Zd 1⊗ − implementable by local unitary transformations as long as the
boundaries of d copies of the toric code are appropriately arranged. In particular, this implies that three copies of
the three-dimensional toric code admit fault-tolerant implementation of a logical non-Clifford gate, which
saturates the bound byBravyi andKönig in three dimensions.
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Appendix
Here, we brieﬂy revisit the equivalence of the color code and (multiple decoupled copies of) the toric code in d
dimensionswithout the restriction of point-like excitations. In particular, we focus on the construction of
lattices supporting the decoupled copies of the toric code, which can be succinctly described using some notions
from algebraic topology. The discussion in the appendix is presented in the language of the dual lattice unless
mention otherwise.
A.1. Basic deﬁnitions of combinatorial geometry
We start with some basic notions in combinatorial geometry. A d-simplex δ is a convex hull of d 1+ afﬁnely
independent vertices v v v, , , d0 1 … , namely
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t v t t0 1 . (74)
i
d
i i i
i
d
i
0 0
⎪
⎪
⎪
⎪
⎧
⎨
⎩
⎫
⎬
⎭∑ ∑δ = ⩽ ∧ == =
There is a combinatorial deﬁnition of a simplex, whichwe adopt for the rest of the discussion.Namely, a d-
simplex δ is the power set of the set of verticesV v v{ , , }d0= … spanning it, V( )δ = . A subsetW V⊂ of size
k d1 1+ ⩽ + spans a k-simplex W( )σ = , andwe call σ a k-face of δ.We denote the set of all k-faces of δ by
( )kΔ δ . Note that V( ) ( )k k 1Δ δ = + , where V( )k denotes the collection of subsets ofV of cardinality k.
LetV Wi
k
i1= ⨆ = be a decomposition of the set of verticesV into the union of k disjoint setsW W, , k1 … . Let
V( )δ = and W( )i iσ = . Then, we can represent δ as aCartesian product of its faces , , k1σ σ… , namely
. (75)k1δ σ σ= × … ×
We say that  is a simplicial d-complex if it is a set of simplices satisfying the following conditions
• every face of a simplex in  is also in ,
• the intersection of two simplices in  is a face of both of them,
• the dimension of the largest simplex in  is d.
If in addition
• for every k d< , every k-simplex in  is a face of a d-simplex in ,
then  is homogeneous. By ( )k Δ we denote the set of all k-simplices belonging to . An n-skeleton of ,
denoted by skel ( )n  , is a collection of all k-faces of  for all k n⩽ , namely skel ( ) ( )n kn k0 Δ= ⨆ = .
Wemight generalize the notion of a simplex to a cell. Namely, a (closed) d-cell δ is the image of a d-
dimensional (closed) ballBd under an attachingmap. Similarly to the combinatorial deﬁnition of a simplex, we
want to think about δ as a collection of all its k-faces, for all k d0, 1, ,= … .We can deﬁne a cell complex8 in an
analogousway to a simplicial complex, allowing for the faces to be cells.
Fromnowon, we only consider complexes containing ﬁnitelymany simplices (cells). Although a
homogeneous simplicial (cell) d-complex  is deﬁned as a collection of simplices (cells), by the same symbol we
also denote the union of these simplices (cells) as a topological space. In general,  is amanifoldwith a boundary
embedded in real space, but for the rest of the discussionwe assume  has no boundary.We also assume  is a
homogeneous simplicial d-complex unless stated otherwise.
The n-star of ( )k δ Δ∈ , denoted by St ( )n δ , is the set of all n-simplices in which contain δ as a face,
namely
{ }St ( ) ( ) . (76)n n δ σ Δ σ δ= ∈ ∣ ⊃
Note that St ( ) ( )n kσ δ δ Δ σ∈ ⟺ ∈ .
The n-link of ( )k δ Δ∈ , denoted by Lk ( )n δ , is the set of all n-simplices in which are the n-faces of d-
simplices containing δ, but do not intersect with δ, namely
{ }Lk ( ) ( ) St ( ) . (77)n n d ∩δ σ Δ σ τ δ σ δ= ∈ ∣ ⊂ ∈ ∧ = ∅
Observe that for a k-simplex δ in  there is a one-to-onemapping between the elements of Lk ( )d k 1 δ− − and
St ( )d δ , namely
Lk ( ) St ( ). (78)d k d1σ δ τ δ∈ ⟷ ∈
δ σ τ
− −
× =
We say that  is d( 1)+ -colorable if there exists a function
color : ( ) , (79)d0 1Δ → +
where d{0, 1, , }d 1 = …+ is the set of d 1+ colors, and two vertices connected by an edge have different
colors.We deﬁne color( )δ to be the set of colors assigned to vertices of a simplex δ, namely
vcolor( ) color( ). (80)
v ( )0
δ = ⨆
Δ δ∈
Now,we are ready to deﬁne the color code and the toric code in d dimensions. The color code is a stabilizer
codewith the stabilizer group CC ( )k  deﬁned on a d( 1)+ -colorable homogeneous simplicial d-complex ,
where k d{0, , 2}∈ … − . One qubit is placed at each and every d-simplex in , andX- andZ-type stabilizer
8
For a rigorous deﬁnition of a CWcomplex, see [31].
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generators are associatedwith d k( 2)− − - and k-simplices as follows
X X( ) : ( ) ( ), (81)d k 2
St ( )d
δ Δ δ σ∀ ∈ = ⊗
σ δ
− −
∈
Z Z( ) : ( ) ( ), (82)k
St ( )d
δ Δ δ σ∀ ∈ = ⊗
σ δ∈
where X ( )σ is the PauliX operator on a qubit placed at ( )d σ Δ∈ ; similarly Z ( )σ .
The toric code is a stabilizer codewith the stabilizer groupTC ( )k  deﬁned on a homogeneous cell
d-complex , where k d{1, , 1}∈ … − . One qubit is placed at each and every k-cell in , andX- andZ-type
stabilizer generators are associatedwith k( 1)+ - and k( 1)− -cells in the followingway
X X( ) : ( ) ( ), (83)k 1
( )k
δ Δ δ σ∀ ∈ = ⊗
σ Δ δ
+
∈
Z Z( ) : ( ) ( ). (84)k 1
St ( )k
δ Δ δ σ∀ ∈ = ⊗
σ δ
−
∈
A.2. Equivalence revisited
Let us revisit the (equivalence) theorem2.Note that for the sake of simplicity we assumed earlier that the color
code on a d-dimensional lattice  has point-like excitations, which corresponds to the CC ( )d 2 − case. Nowwe
state the equivalence between the color code and the toric code in full generality in the following theorem.
Theorem6. Let the topological color code CC ( )k  be deﬁned on a d( 1)+ -colorable homogeneous simplicial
d-complex without boundary, where k d0 2⩽ ⩽ − . Then, there exists a local Clifford unitaryU such that
( )
( )
U CC U TC( ) , (85)k
N
k N1
†
1 2
d k d1
⎡⎣ ⎤⎦   ⊗ = ⊗ ⊗∈ +− − 
where 1 and 2 represent the stabilizer groups of decoupled ancilla qubits, andTC ( )k N1 + is a copy of the toric code
deﬁned on a homogeneous cell k( 2)+ -complex N obtained from  by removing all simplices with faces of colors in
N.Moreover, one can choose the disentangling unitaryU to be of the form
U U ( ), (86)
( )
d
0
color( ) { }

δ= ⊗
δ Δ∈
δ =
whereU ( )δ is a Clifford unitary acting only on qubits placed on d-simplices in St ( )d δ , and some ancilla qubits
associatedwith δ.
Note that after the disentangling one obtains
d
d k
d
k1 1
⎜ ⎟ ⎜ ⎟⎛⎝
⎞
⎠
⎛
⎝
⎞
⎠− − = + decoupled copies of the toric code,
enumerated by different choices of the subsetN of d k1− − colors from d .Moreover, onemight need to
locally add ancilla qubits either to the color code, or the toric code depending on the simplicial d-complex .
Clearly, the (equivalence) theorem2 is a special case of the theorem6,with k d 2= − , 2 = ∅ and C d0 = . The
rest of the appendix is devoted to the construction of the cell complexes supporting decoupled copies of the toric
code and the explanation of how toﬁnd a local Clifford unitaryU.
To obtain N from , where N ( )d k d1∈ − −  , one follows the following procedure.
(1)Take the k( 1)+ -skeleton skel ( )k 1 + of  and construct a new k( 1)+ -skeleton, skel ( )k 1 ′+ , by removing
from skel ( )k 1 + all simplices with faces of colors inN, namely
{ }Nskel ( ) skel ( ) color( ) . (87)k k d1 1 1 σ σ′ = ∈ ∣ ⊂ ⧹+ + +
(2)For every ( )d k2 τ Δ∈ − − , such that Ncolor( )τ = , attach a k( 2)+ -cell to Lk ( ) skel ( )k k1 1 τ ⊂ ′+ + . Resulting
k( 2)+ -skeleton is N .
Note that in Step 2we used a fact that Lk ( )k 1 τ+ is homeomorphic to a k( 1)+ -sphere, and thuswe can attach
a k( 2)+ -ball to Lk ( )k 1 τ+ (see [30] for a proof and an illustrative discussion on combinatorialmanifolds).
The disentangling unitaryU in equation (86) has a tensor product structure. Thus, let us have a closer look at
one of its constituents,U ( )δ , where δ is a 0-simplex in  of color d{ }. LetU ( )δ to be aClifford unitary
transforming theHilbert space of color code qubits placed on d-simplices in St ( )d δ and
A St ( ) St ( )k d1 δ δ= ∣ ∣ − ∣ ∣+ ancilla qubits9, (St ( ))d ancilla δ ⊗ , into theHilbert space (St ( ))k 1 δ+ of toric
9
If A 0< , thenU ( )δ is amap between (St ( ))d δ and (St ( ))k 1 ancilla δ ⊗+ .
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code qubits placed on k( 1)+ -simplices in St ( )k 1 δ+ . Let St ( )d ≔δ δ be the overlap group of the color code
CC ( )k  on the set of qubits St ( )d δ , and δ be the stabilizer group generated by single-qubit PauliZ operators on
the ancilla qubits, namely
X Z( ), ( ) St ( ), St ( ) , (88)d k k
St ( ) St ( )
1 1
d d
 α α σ δ τ δ= ⊗ ⊗ ∣∀ ∈ ∈δ
α σ α τ∈ ∈
− − +
Z i A{1, , } . (89)i = ∣ ∀ ∈ …δ
Let TCδ be a group of operators acting on qubits placed on k( 1)+ -simplices in St ( )k 1 δ+ deﬁned as follows
X Z( ), ( ) Lk ( ), St ( ) . (90)TC d k k
Lk ( ) St ( )
2 1
k k1 1

∩
α τ σ δ τ δ= ⊗ ∣ ∀ ∈ ∈δ
α σ δ∈
− − +
+ +
We require thatU ( )δ maps the generators of ⊗δ δ into the generators of TCδ according to the following
rules
g X h XLk ( ) : ( ) ( ), (91)d k i i2
St ( ) Lk ( ) St ( )d k k1 1
⎛
⎝⎜
⎞
⎠⎟ ∩σ δ α α∀ ∈ = ⊗ → = ⊗α σ δ α σ δ− − ∈ × ∈ + +
g Z h ZSt ( ) : ( ) ( ), (92)k i i1
St ( )d
⎛
⎝⎜
⎞
⎠⎟τ δ α τ∀ ∈ ′ = ⊗ → ′ =α τ+ ∈
( )i A g Z h Z{1, , }: , (93)i i i TC∈ … ″ = → ″ ∈ δ
where the parenthesis indicate that themapping holds up tomultiplication by elements of the center
Z ( ) ⊗δ δ andwe choose h h h{ , , }i i i′ ″ to be independent. Note that we had to add A St ( ) St ( )k d1 δ δ= ∣ ∣ − ∣ ∣+
ancilla qubits to guarantee that n, Pauli( St ( ) )TC k 1   δ⊗ ∈ = ∣ ∣δ δ δ + . One can check that g g g{ , , }i i i′ ″ and
h h h{ , , }i i i′ ″ have the same commutation relations. The existence of the unitaryU ( )δ follows from the (Clifford
transformation) lemma 2, given  ⊗δ δ and TCδ are isomorphic.Wewill show this fact invoking the
(isomorphic groups) lemma 1.
Wewant to verify thatG G( ) ( )TC  ⊗ =δ δ δ andG Z G Z( ( )) ( ( ))TC  ⊗ =δ δ δ . First note that the
elements of the center Z ( )TCδ are generated by onlyZ-type operators which are derived from k-simplices in
St ( )k δ , namely
( )
{ }
Z Z n( ) St ( ), color( ) . (94)TC k d
St ( )
1
k
n
1
color( ) color( ) 1
 τ σ δ σ= ⊗ ∣∀ ∈ ∈ ⧹δ
τ σ∈
τ σ
+
= ⊔

Since for any St ( )kσ δ∈ we can choose n color( )d1 σ∈ ⧹ in
d k
1
⎜ ⎟⎛⎝
⎞
⎠
−
ways, then there are
d k
1
St ( )k⎜ ⎟
⎛
⎝
⎞
⎠ δ
− ∣ ∣
generators of Z ( )TCδ . Note that not all of them are independent. Rather, they have to satisfy certain relations,
whichwe call 1 , namely
n nSt ( ), { , } color( ): (95)k d1 1 1 2 1ρ δ ρ∀ ∈ ⊂ ⧹− 
( ) { } ( ) { }
Z I( ) . (96)
St ( ) St ( )k
n n
k
n n
1
color( ) color 1 1, 2
1
color( ) color 1 1, 2
⎛
⎝
⎜⎜⎜
⎞
⎠
⎟⎟⎟∏ τ⊗ =σ ρ τ σ∈ ∈
σ ρ
τ ρ
⊂ ⊔
+
= ⊔
Since for any St ( )k1 1ρ δ∈ − we can choose n n{ , } color( )d1 2 1ρ⊂ ⧹ in
d k 1
2
⎜ ⎟⎛⎝
⎞
⎠
− +
ways, then there are
d k 1
2
St ( )k 1⎜ ⎟
⎛
⎝
⎞
⎠ δ
− + ∣ ∣− relations 1 . Note that not all relations 1 are independent. They have to satisfy
d k 2
3
St ( )k 2⎜ ⎟
⎛
⎝
⎞
⎠ δ
− + ∣ ∣− relations 2 obtained for any choice of St ( )k2 2ρ δ∈ − and n n n{ , , } color( )d1 2 3 2ρ⊂ ⧹ .
But relations 2 are not independent, and so on. Proper counting of independent relations between generators
of Z ( )TCδ gives the following alternating sum ( 1)k k1 2 3 1   ∣ ∣ − ∣ ∣ + ∣ ∣ − … + − ∣ ∣− . Once the constraints
have been properly accounted for, sinceG Z( ( ))TCδ is equal to the number of generatorsminus the number of
independent relations between them, thenwe obtain
( )( )G Z d k d k dk1 St ( )
1
2
St ( ) ( 1)
1
St ( ) . (97)TC k k k1 0
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟ δ δ δ=
− ∣ ∣ − − + ∣ ∣ + … + −
+
∣ ∣δ −
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Using the fact that the toric code on an n-sphere does not encode logical qubits, we obtain that the number of
independentX-type generators of TCδ is equal to G ZSt ( ) ( ( ))k TC1 δ∣ ∣ − δ+ . Thus, including St ( )k 1 δ∣ ∣+
independentZ-type generators
( )( ) ( )G G Z2 St ( ) . (98)TC k TC1 δ= ∣ ∣ −δ δ+
To analyze the number of independent generators of ⊗δ δ and its center Z ( ) ⊗δ δ , we use results
from the appendixD in [32]. First, let us rephrase our problem in the language of the primal lattice. Note that a
0-simplex δ corresponds to a d-cell c, qubits are placed on vertices of c, andX- andZ-type stabilizers are
supported on qubits on vertices of k( 2)+ - and d k( )− -faces of c. Let c∂ be the boundary of c, which can be
thought of as a d-colorable and d-valent homogeneous cell d( 1)− -complex. Let us denote byCi the number of
i-faces of c, where i=0,…,d. Clearly, C St ( )i d i δ= ∣ ∣− . The overlap group of the color code on the qubits of c is
thus generated byX- andZ-type operators on k( 1)+ - and d k( 1)− − -faces of c. Note that k( 1)+ - and
d k( 1)− − -faces of c can be thought of as faces of c∂ , and thus the number of independent generators of
 ⊗δ δ is
( ) ( )G C I d k C I d d k C C( 1, 1) ( 1, 1) , (99)k d k d k1 1 1 0 ⊗ = − − + + − − − − + −δ δ + − − − −
wherewe included A C Cd k 1 0= −− − single-qubit PauliZ operators on the ancilla qubits. By I d i( 1, )− we
denote the number of independent relations between operators on i-cells of c∂ . In particular (see equation (D14)
in [32]),
I d s
d
s
h
s i
s
C( 1, )
1
1
( 1)
1
( 1) (100)
i
d s
i
s i
i
d s
i
s i
0
1
0
2
1⎜ ⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝
⎞
⎠∑ ∑− =
−
−
− + +
−
−
=
− −
+
=
− −
+ +
d
s
s i
i
C
1
1
( 1)
1
( 1) , (101)d s
i
d s
i
s i
1
0
2
1⎜ ⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝
⎞
⎠∑=
−
−
− + +
+
−− −
=
− −
+ +
where hi is the ith Betti number of c∂ . Since c∂ is homeomorphic to a d( 1)− -sphere, then hi=1 if i d0, 1= − ;
otherwise hi=0. The center Z ( ) ⊗δ δ is generated byX- andZ-type operators on k( 2)+ - and d k( )− -faces
of c, and single-qubit PauliZ operators on ancilla qubits. Thus10
( )( ) ( )G Z C I d k C I d d k C C( 1, 2) ( 1, ) . (102)k d k d k2 1 0 ⊗ = − − + + − − − + −δ δ + − − −
Wecan express equations (97) and (98) is terms ofCiʼs, namely
( )( )G Z d k C d k C dk C1
1
2
( 1)
1
(103)TC d k d k k d1
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟ =
− − − + + … + −
+δ − − +
d k i
i
C( 1)
1
, (104)
i
k
i
d k i
0
⎛
⎝⎜
⎞
⎠⎟∑= −
− +
+=
− +
( )( ) ( )G C G Z2 . (105)TC d k TC1 = −δ δ− −
There aremany relations between the number of i-cells of c∂ , which is a d-colorable and d-valent homogeneous
cell d( 1)− -complex homeomorphic to a d( 1)− -sphere. In particular, the following identities hold
d
s
C
d i
d s
C
i
s
C
1
( 1) ( 1)
2
1
( 1)
1
0, (106)s
i
s
i
d i
i s
d
i
i0
0
1
1
1
1
⎜ ⎟⎛⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝
⎞
⎠∑ ∑χ−
− + − + − − −
− −
+ − − =
=
−
− −
= +
−
for any s d0, , 1= … − , where 1 ( 1)d 1χ = + − − (see equation (D16) in [32]). One can straightforwardly
verify thatG G( ) ( ) 0TC  ⊗ − =δ δ δ andG Z G Z( ( )) ( ( )) 0TC  ⊗ − =δ δ δ , since they are obtained
from equation (106) by setting s= k and s k 1= + , respectively. Thisﬁnishes the proof that  ⊗δ δ and TCδ
are isomorphic.
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